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Abstract. In this paper, we propose to approximate the cumulative distribution functions of 
data using the cosine transform. We develop a framework for estimating the selectivity of 
range queries over data streams using the cosine series. We show that the derivation of the 
cosine estimators is simple and efficient. The estimators can also be also updated easily in the 
presence of insertions and deletions. These features make the cosine transform most suitable 
for dynamic data stream environments. We conduct experiments to compare its performance 
with a well-known technique – the wavelet transform. The results show that cosine transform 
is superior to the wavelets in estimation accuracy and estimation and update speeds, espe-
cially in multi-dimensional cases.   
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1  Introduction 

In a data stream environment, data arrive at great speed and in large volume. To observe, monitor, 
or summarize continuous flow of data, queries are usually posted periodically. It is typically re-
ferred to as a continuous query because it is issued once and then logically run continuously over 
the data stream [2], unlike the traditional one-time query that is executed only once. 

The processing of IP traffic data in the network [3, 19] is a classical data stream example. 
Routers forward and process IP packets at great speed for a variety of monitoring tasks, such as 
keeping track of statistics and detecting network attacks. Aggregation queries are very useful in 
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these scenarios in providing statistical summaries of the traffic carried by a link, identifying nor-
mal activities vs. activities under denial of service attack, etc. 

There are two main constraints in continuous query processing: the amount of memory 
needed and the per-item processing time. It has been proved that without knowing the size of data 
streams, it is not possible to place a limit on the memory requirements for most queries unless the 
domains of the attributes involved in the query are restricted. For multiple aggregations, all tuples 
streamed by must be retained if exact results of the queries are demanded. Unfortunately, this may 
not be feasible because of the unboundness of data streams. Therefore, much research has focused 
on approximation or estimation of continuous queries, instead of exact query results. 

Approximate aggregate query processing has various applications in conventional database re-
search, such as selectivity estimation, query optimization, OLAP, decision support, etc.  It has also 
found its place in data stream processing, for example, the trend analysis, fraud detection, qual-
ity/performance monitoring, etc.  

Estimation of aggregate queries (or approximate aggregate query processing) has been an im-
portant research topic in conventional database research. Various techniques, such as sampling [1, 
9, 13, 14, 21, 30], histogram [11, 15, 16, 17], wavelet [5, 6, 23, 29], discrete cosine transform [20] 
etc., have been proposed and some of them have been implemented in commercial database sys-
tems. In a continuous query-processing environment, approximate results over streaming data are 
to be reported continuously. Besides the accuracy (especially for multi-dimensional queries) and 
space consumption (for storage of statistics), which are important to the conventional estimation 
methods, the speed of estimation and updatability of estimators become just as important (as the 
accuracy and space) in the data stream environment. 

In this paper, we develop a statistical selectivity estimation method based upon the empiric 
distribution estimation by the cosine series [12]. The cosine transform is known for its near-
optimal energy compaction property and simple computation. Thus, the estimators are accurate 
and are easy and fast to derive. In addition, the estimators can be updated dynamically. Our ex-
perimental results confirm that the proposed estimators are accurate, efficient, and adaptive. 

The rest of paper is organized as follows. In Sections 2 and 3, we introduce related work and 
define the terminology, respectively. In Sections 4 and 5, we lay down the groundwork for apply-
ing cosine transform to estimation of aggregate queries. In Section 6, we discuss the updatability 
of the proposed method. Section 7 compares the performance of the cosine transform with the 
wavelet method. Section 8 gives the conclusion.  
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2  Related Work 

In this section we briefly review previous work on selectivity estimation and discuss their 
potentials for use in the data stream environment. 

2.1 Sampling 

Various sampling methods [13, 14, 21, 30] have been used to estimate resulting sizes of queries 
over conventional data. Sampling generally works very well for queries that post a constraint on a 
single attribute, called one-dimensional queries here; but the accuracy degrades drastically for 
queries with constrains posted on multiple attributes (or multi-dimensional queries), as demon-
strated in the join operations [14].  

Only recently, sampling has been adapted to data streams [8]. It is still an ongoing research on 
how to maintain a dynamic sample over data streams. 

2.2 Histograms and Compression 

Histograms [7, 18, 25, 26, 27] have been used successfully to capture the distributions of low-
dimensional data. However, as the dimension increases, the number of histogram buckets can 
increase exponentially, rendering these methods prohibitively costly for multi-dimensional data.  

To alleviate the size problem of histograms, wavelet transform has been used to compress his-
tograms [5]. It was shown to yield favorable performance than histograms in point and range 
query size estimation [5, 23]. Martias et al. [24] has supplemented this method with a mechanism 
such that it can dynamically modify its coefficients in the face of updates. Recently, wavelets [5, 
10] have been applied to data stream processing. 

Discrete cosine transform (DCT) was used to approximate frequency distributions of histo-
grams [20]. It is suitable for selection queries over discrete data.  

In this study we use the cosine transform to approximate the distribution of data, not the his-
tograms (as by DCT), and use it to estimate the selectivity of queries. The cosine transform is 
known to have a good energy preserving property and thus can approximate data distributions 
accurately. It also has a simple, efficient, and dynamic update method. We choose to approximate 
the cumulative distribution of data because it is generally smoother than the data density function 
and thus higher accuracy can be expected. The method can be applied to both discrete and con-
tinuous attribute domains. It is noted that cosine transform always represents the best limit of DCT; 
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that is, if the partition of the underlying histogram is infinitely fine, then DCT can have the same 
performance as the cosine transform. 

3  Notations 

3.1 Range Queries 

Let T be a relation with numerical attributes X1,…, Xd. We can view X=(X1, …, Xd) as a d-variate 
random variable. For each 1≤ i≤ d, denoted by xi is a value of the attribute Xi. Let R be the set of 
all real numbers and Rd    be the set of all d-dimensional real vectors. If x=(x1,… ,xd) ∈  Rd and 
y=(y1,… ,yd) ∈  Rd, we say  x ≤ y  if  xi ≤ yi for all i=1,… ,d. 

Suppose [l, r] R, a=(a1, …, ad) ⊂ ∈ ,],[ drl  b=(b1, …, bd) ∈ ,],[ drl and  for all 

i=1, …, d. Let  be a set of attributes on which range constraints, such as 

  a

ii ba ≤

},...,{ 1 iki XX

,iii bXa ≤< ,iii bXa ≤≤ ,iiXi b<≤  ,iii bXa << are posted in the queries. For sim-

plicity, we will restrict the constraints to iii bXa ≤<  for now, but will extend to other forms 

later. So, a range query Q(a, b) denotes a query with attributes ,iii bXa ≤< for all 

By denoting  and .1 di ≤≤ lai = rbi =  for },,...,{ 1 kiii∉  the range query can be rewritten as 

for all   ,iii bXa ≤< .1 di ≤≤

To simplify the notation and algorithm implementation, attribute values are normalized to a 
predetermined domain [l, r]. Let maxXi and minXi be the maximal and minimal values of attribute 
Xi of relation T, respectively. Then, each value xi of Xi can be normalized as follows: 

iii
ii

iiz
i XxXllr

XX
Xxx maxmin,)(

minmax
min

<<+−
−

−
=    (3.1) 

From now on, we shall assume all attribute values are so normalized and shall not distinguish 
xi from xi

z , unless otherwise stated. Furthermore, we will set the normalized domain to [0, 1], that 
is, l=0, r=1 for simplicity and uniformity. 

3.2 Empiric Distribution and Selectivity 

Consider a random variable X that has a cumulative distribution function F. If F is known, the 
probability of X falling in the range (a, b] is 
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).()(}{ aFbFbXaP −=≤<       (3.2) 

For simplicity, we shall use the term “distribution” for “cumulative distribution” from now on. 
The empiric distribution is exactly the data distribution of the relation, without losing any infor-
mation. If the data distribution is continuous, error rates can be large if the data distribution is 
represented by a histogram, which captures only the frequencies, not the distribution. While the 
empiric distribution may look like a “cumulative’ histogram, it is a function rather than a collec-
tion of cumulative frequencies.  

Considering a relation as a sample from  each tuple of the relation can be viewed as an 

observation. Given a collection of observation  the empiric distribution function 

,dR

},,...,{ 1 nVV

)(xF
)

is defined by 

.],[,__)( drlx
n

xnsobservatioofnumberxF ∈
≤

=
)

    (3.3) 

Given a sample from a random variable X, we can use the empirical distribution constructed 
from the sample to estimate the distribution of X. For example, suppose {0.2, 0.34, 0.45, 0.52, 
0.63, 0.75, 0.8} is a sample from a random variable X, we can estimate the probability 

 as the ratio of the number of elements that are less than or equal to 0.48 (i.e., 3) to 

the simple size (i.e., 7), that is 3/7. 

}48.0{ ≤XP

In this paper, our goal is to find an approximation, denoted by ),(XFm

)
 to the empiric distri-

bution )(XF
)

. The approximation shall use much less space and yet with little information loss. 

In order to quantify the query result size, we adopt the terms instance selectivity and distribu-
tion selectivity from [4]. The instance selectivity (probability) ),( baσ of a range query Q(a, b) is 

given by the number of resulting tuples divided by the total number of tuples in T, whereas the 
distribution selectivity (probability) ),( bamσ) is the probability that a tuple is in the hyper rectan-

gle (a, b] with respect to the probability distribution associated with )(XFm

)
 (which will be dis-

cussed later). Our goal is to use the distribution selectivity ),( bamσ)  to estimate the instance se-

lectivity ),( baσ , the true selectivity.  

4  Empirical Distribution Estimation via Cosine Series 

In this section, we discuss how to derive an estimator of the empiric distribution. 
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In the one-attribute or one-dimensional case, )(xF
)

 is defied on the real numbers R. A naïve 

way to store )( xF
)

 is to equally partition the interval [0,1] into k sub-internvals 

and then store the cumulative frequencies 1...0 21 ≤≤≤≤ kaaa )}(),...,(),({ 21 kaFaFaF
)))

. If 

 we can compute },,...,,{ 21 kaaax∉ )(xF
)

by linear interpolation. To achieve higher accuracy, we 

can choose finer partitions. 

While the empirical function  describes the exact distribution of tuples, the stor-

age of such a function could be substantial, especially when the number of attributes (d) and the 
domain sizes of the attributes are large. To save storage space, we opt to approximate the function 
by a cosine series.  

),...,(ˆ
1 dxxF

Let the cosine series be denoted as ,0),( ≥ixiφ   

⎩
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⎧

>

=
=
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)(
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xi π
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1
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x ii ∫=Φ φ
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⎧

>−

=−
=Φ
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Given a relation T with d attributes and n tuples {V1, V2, …, Vn}, the empirical distribution 

 of the attribute values can be approximated by a cosine series with md coefficients 

 as  

),...,(ˆ
1 dxxF
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−≤≤ mii dii d
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The ’s are derived as  
dii ,...,1

β̂

∑ ∏
= =

Φ=
n

k

d

j
kjiii V

n jd
1 1

,... ))((1
1

β
)

                                           (4.2) 

where Vkj is the jth attribute of tuple Vk, .1 nk ≤≤  In general, the larger the m value, the better the 
approximation. It is noted that only the md coefficients (real numbers) need to be stored for the 
approximate frequency function. Figure 4.1 summarizes the derivation of the coefficients of 

, i.e., Eq (4.2), in the following CosCoef algorithm. )(xFm
∧
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Algorithm CosCoef(m, V[n]) 

Input: an integer m and n tuples V1, … , Vn, where Vk = (Vk1, …, Vkd), 1 ≤ k ≤n; 

Output: the coefficients (β[0,…,0],…, β[m−1,…, m−1]) of the cosine estimator . )(xFm
∧

begin 
1  β[i1, … , id] ← 0 for all multiple indexes (i1, …, id), 0 ≤ ij ≤ m − 1, j = 1, … d; 
2  for k ← 1 to n 
3      do 
4            for   i1 ← 0 to m − 1 
5             . . . . . . 
6            for id ← 0 to m − 1 
7                    do 

8                           β[i1, . . . , id]  ←  β[i1, . . . , id]  + ∏ =

d

j 1
Φij (Vkj ); 

9  for i1 ← 0 to m − 1 
10  . . . . . . 
11  for id ← 0 to m − 1 
12         do 
13                β[i1, . . . , id] ← β[i1, . . . , id]/n; 
end 

         
Figure 4.1 Coefficients of the Estimator 

 
Example 4.1: Consider a one-attribute relation with 6 tuples {0.33, 0.32, 0.12, 0.66, 0.90, 0.80}. 
The cosine transform of this distribution is derived as follows. 

,4783.0)1(
6
1)(

6
1ˆ

6

1

6

1
00 ∑ ∑

= =

=−=Φ=
j j

jj xxβ      

,2886.0)]sin2[
6
1)(

6
1ˆ

6

1

6

1
11 ∑∑

==

−=−=Φ=
j

j
j

j xx π
π

β  

Thus, the estimator of the empiric distribution with 2 coefficients is 

 =0.4783 - 0.2886 )(2 xF
∧

xπcos2  

 

The computation of  at a specific point b is shown in Figure 4.2. )(xFm
∧
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Algorithm DISTRIBUTION(m, b, β[])  
Input: an integer m > 0 and a vector b = (b1, …, bd), l ≤ bi ≤ r, and md coefficients  

{β[0, …, 0], …, β[m −1, …, m −1]} of the orthogonal series estimators . )(xFm
∧

Output: the empiric distribution ) valued at b. )(bFm
∧

  begin 
  1  s ← 0 
  2  for i1 ← 0 to m − 1 
  3  . . . . . . 
  4  for id ← 0 to m − 1 
  5      do 

  6           s ← s + β[i1, . . . , id] ; )(
1 jj

bd

j i∏ =
φ

  7  deliver s 
  end 

 

Figure 4.2 Compute the Empiric distribution  at b )(xFm
∧

5  Selectivity Estimation for Range Queries 

 In this section, we elaborate on the selectivity estimation of range queries using the approximate 
empiric distributions derived in the previous section. 

Let us illustrate our idea through a 1-dimensional case. Suppose X is a random variable such 

that  with a cumulative distribution function  The probability that  

is 

]1,0[⊂X ).(xF bXa ≤<

).()(}{ aFbFbXaP −=≤<       (5.1) 

The instance selectivity (probability) ),( baσ is 

)(ˆ)(ˆ),( aFbFba −=σ        (5.2) 

and the distribution selectivity (probability) is  

))0(ˆ)1(ˆ(/))(ˆ)(ˆ(),(ˆ mmmmm FFaFbFba −−=σ     (5.3)  

8 



with a pre-determined positive integer m. Note that   may not be 1 and 

may not be 1 either. In order to guarantee 

)1(ˆ
mF

)0(ˆ)1(ˆ
mm FF − 1)1,0(ˆ =mσ  (and have a better ap-

proximation), we adjust the estimation  by dividing it by  in the Eq. 

(5.3). 

)(ˆ)(ˆ aFbF mm − )0(ˆ)1(ˆ
mm FF −

For simplicity, we denote as  The distribution selectivity (prob-

ability) of a range query is now rewritten as 

)(ˆ)(ˆ aFbF mm − ]}.,{( baPm

]}1,0{(/]},{(),(ˆ mmm PbaPba =σ       (5.4) 

 Now, let us extend X to a d-variate random vector. Let 

 and .,]1,0[),...,( 1
d

daaa ∈= ),...,( 1 dbbb = ,]1,0[ d∈ ba <  A vertex of the hyperinterval (a, 

b]  

},...,:]1,0[),...,({],( 1111 ddd
d bxabxaxxxba ≤<≤<∈==   (5.5) 

is denoted as  withd
dvvv ]1,0[),...,( 1 ∈= },{ iii bav ∈ for i=1, …, d. Let ),( bakΔ be the set of 

all vertices v  with  for exactly k coordinates and ii av = jj bv =  for the remaining coordinates. 

Then, 

∑ ∑= Δ∈
−=≤≤∀≤<

d

k av
k

iii
k

vFdibXaP
0 ,(

)()1(}1,{
b)

.   (5.6) 

 

Example 5.1. Suppose d=2, a=(a1, a2) ,  b=(b1 , b2) , , . Then, by 

Eq. (5.6) 

2]1,0[∈ 2]1,0[∈ 11 ba ≤ 22 ba ≤

).,(),(),(),(}21,{ 21212121 abFbaFaaFbbFibXaP iii −−+=≤≤∀≤<  

 

Let  Since it is possible that has a negative 

value, especially when the selectivity (probability) is small, we set to 0 if the derived 

value is negative.  

∑ ∑= Δ∈
−=

d

k bav m
k

m
k

vFbaP
0 ),(

).(ˆ)1(]},{( ]},{( baPm

]},{( baPm

Now, we extend the above discussion to range queries with other types of constraints. Sup-

pose a range query has the form iii bXa ≤≤  for }...,,{1 kiii∈ , and iii bXa ≤<  for others. We 

can approximate this type of general range queries as follows. First, choose a small vector δ = 
(δ1,… , δd) with δi > 0 for i ∈  {i1, . . . , ik}, and δi = 0  otherwise. Then let ai’= ai− δi for all i and 
a’ = (a1’, . . . , ad’). The distribution selectivity is given by 

]}1,0{(/]},'{(),'( mmm PbaPba =σ)       (5.7) 
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We can specify δi as zero or a small positive number, such as 0.0000  … 01. Other range que-

ries with  and/or iii bXa <≤ iii bXa << can  all be handled in the same way. 

  
Example 5.2: We use the one-attribute relation in Example 4.1 to show how to compute the selec-
tivity. The query “Select * from Salary where Salary ≤ 0.4 and Salary > 0.2” returns 2 tuples. So 
the instance selectivity is  
σ(0.2, 0.4) = 2/6 = 1/3. 

While the distribution selectivity is given by  

)4.0,2.0(2σ
) = P2{0.2 < t ≤ 0.4} = −  = 0.25. )4.0(2F

∧
)2.0(2F

∧

The relative error is 25%.  
Figure 5.1 summarizes the computation for the distribution selectivity i.e., Eq (5.6). ]},,{( baPm

 
Algorithm Selectivity (m, a, b, β[]) 
Input: an integer m > 0, two vectors a = (a1, …, ad), b = (b1, …, bd), l ≤ ai ≤ bi ≤ r, and md  

    coefficients { β[0, …, 0], …, β[m −1, …, m −1]} of the orthogonal series estimators . )(xFm
∧

Output: the probability estimation Pm(a, b). 
 begin 
  1  prob ← 0; 
  2  k ← 1; 
  3  for i ← 0 to 2d − 1 
  4       do 
  5              for j ← 0 to d − 1 
  6                     do 
  7                             if i MOD 2j = 0 
  8                                    then v[j] = a[j]; 
  9                                    k ← (−k); 
  10                           else 
  11                                  v[j] = b[j]; 
  12             prob ← prob + k × DISTRIBUTION(m, v, β[]); 
  13  if prob > 0 
  14        deliver prob; 
  15  else deliver 0; 
  End 

Figure 5.1 Computing the Distribution Selectivity 
 

10 



In general, lower frequency terms in cosine series contribute more to the estimation than 
higher frequency ones. Therefore, it is possible to store only the lower frequency coefficients 
without much information loss. To filter out higher frequencies, a technique, called Triangle Sam-
pling [20] can be applied.  It stores only those coefficients whose indexes satisfy 

. Thus, the number of the coefficients finally stored 

is , which is much less than md. Note that the indexes (i1, …, id) of the 

coefficients  need not be stored because they are unique and can be derived on the fly. For exam-
ple, consider a 2-dimensional case (d = 2) and m has been set to 3. Then, there will be md (=32 ) 
coefficients in the approximation function, denoted as Ci,j, 0 ≤ i , j ≤ m-1. By the triangle sampling, 
only 6 (= ) of them that satisfies the condition: i1 + i2 ≤ m-1 = 2, are kept. They 

are: C0,0 , C0,1, C0,2 , C1,0 , C2,0 , C1,1.  We will incorporate this technique in our implementation. 

1....1 −≤++ mii d

!/),1( dmddmC d≈−+

),1( ddmC −+

6  Dynamic Maintenance of the Estimator 

As observed from Eq. (4.2), each coefficient  of the transform is just the average of sum of 

the products of basis functions on the tuples. Therefore, for insertion or deletion of a tuple, we can 
just compute the “contribution” of the tuple to the transform separately and then combine them 

with the old coefficients.  That is, for insertion of a new tuple t = (x1, x2, …, xd), is update 

as   

dii ,...,1
β̂

dii ,...,1
β̂

111 ,...,,...,
ˆ

1
ˆ

dd iiii n
n ββ
+

= + 
1

)(
1

+

Φ∏ =

n

xd

j ji j .       (6.1) 

Similarly, for deletion of a tuple t = (x1, x2,…, xd), it is updated as 

−
−

=
1111 ,...,,...,

ˆ
1

ˆ
dd iiii n

n ββ
1

)(
1

−

Φ∏ =

n

xd

j ji j .      (6.2) 

Let m be the number of coefficients for the estimator. Then the complexity for an update is 
O(m).  

Coefficients can be updated easily and dynamically. This property makes the cosine transform 
very suitable for data stream environments, where tuples continuously flow in. The updates of the 
coefficients can be performed on the fly as well as in batch. In addition, the computation workload 
can be easily distributed among processors as the “contributions” of tuples can be computed sepa-
rately. 
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7  Experimental Results 

In this section, we report the experimental results of selectivity estimation of queries using the 
cosine and wavelet methods.  

7.1  Experiment Setup 

We have implemented both methods in C++ and compiled them with GNU C/C++ Complier 
V3.2.3. The test platform is Redhat Linux Enterprise 4 running on Dell Precision 360 workstation 
with 3.3 GHZ CPU and 1GB RAM. 

Experiments are run on both synthetic and real-life datasets. The purpose of using synthetic 
data is to study the methods in relation to different characteristics of data in a controlled environ-
ment. Hopefully, the results can provide a general idea about the behaviors of the methods. The 
synthetic relations are generated following the TPC-D benchmark [28] with attribute values dis-
tributed Zipfianly [31]. We generate distributions with two different z values, 0.5, and 1.0, which 
represent, roughly speaking, a slightly skewed and skewed distribution, respectively. The domain 
size of each attribute is 1,024 and each relation has 106 (= N) tuples.  

We have also used a real-life dataset: the current population survey, the income and program 
participation survey from the Bureau of Census, for our experiments. We select the data for a 
period of three-months, from January to March 2004, for our experiments. The dataset has around 
140,000 tuples for each month. The attributes: Age, Education and State, whose ranges are [1, 99], 
[1, 46] and [1, 99], respectively, are used in the experiments.  

7.2 Estimation Accuracy 

We ran 100 queries with randomly chosen ranges on selected attribute domains. The accuracy of 
selectivity estimation is measured by the average relative errors. 

7.2.1 Performance on Synthetic Datasets 

Figures 7.1 and 7.2 show the estimation results with range queries on two-dimensional data 
with Zipf parameters, 0.5 and 1.0, respectively.  As shown in the figures, in general, the greater 
the number of coefficients used, the better the results of both techniques. 

As shown in Figure 7.1, the cosine method performed better than the wavelet for the same 
number of coefficients for the slightly skewed distribution z=0.5. The wavelet generated average 

12 



errors ranging from 3.93% for 100 coefficients to 1.07% for 2,000 coefficients, while our ap-
proach generated from 1.02 % to 0.33% for the same number of coefficient, respectively. 
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Figure 7.1  Two-densional Queries, z=0.5  
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Figure 7.2   Two-dmensional Queries, z=1.0 

 
Notice that with only 100 coefficients, our estimates are already very accurate (around 1% er-

ror) in both cases. The accuracy does not improve much as the number of coefficients increases. 
This demonstrates the good energy preserving property of the cosine transform, that is, energy is 
mostly preserved in lower frequency terms, as mentioned earlier in Section 5. 
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As distributions become more skewed (i.e., z=1.0), it becomes more difficult to capture the 
sharp changes in frequency and thus estimation becomes harder. Comparing Figures 7.1 and 7.2, it 
is observed for the same number of coefficients, the errors are larger for both methods in the latter. 
Our method seems to perform better relatively in the more skewed case (z=1.0) than in the 
smoother case (z=0.5). 

Figures 7.3 and 7.4 show the results of range queries with constrains on three attributes with 
Zipf parameters 0.5 and 1.0, respectively. In general, the higher the dimension, the greater the 
number of coefficients needed to achieve a desired accuracy. This is mainly due to there being 
more frequency values to be approximated (or compressed) in higher dimensional spaces. Again, 
our method performed better than the wavelet for the same number of coefficients. In Figure 7.3, 
wavelet generated average errors ranging from 28.04 % for 1,000 coefficients to 8.25% for 10,000 
coefficients, while ours from 6.9 % to 2.67% for the same number of coefficients. Wavelet’s er-
rors are about 4 times larger than ours. 

As distributions become more skewed, the errors become larger like in the 2-dimensional 
cases. For  example, at z=1.0, the wavelet generated average errors ranging from 54.45% for 
1,000 coefficients to 29.88% for 10,000 coefficients, while our approach generated from 8.68% to 
0.81% for the same number of coefficients. The wavelet’s errors are about 6 to 37 times larger 
than ours. 
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Figure 7.3  Three-dmensional Queries, z=0.5 
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Figure 7.4  Three-dmensional Queries, z=1.0 

 
In Figures 7.5 and 7.6, we show the results of six-imensional queries. With each dimension 

partitioned into 1024 regions, the histogram has 10246 (=260) buckets, which is too large to be 
constructed. We have no choice but to partition each dimension into a much smaller number of 
regions, here 16 regions, which results in a 166 (=16 million)-bucket histogram. The wavelet gen-
erated large errors (e.g., > 100%) for small numbers of coefficients (e.g., 1,000, 2,000, etc). Even 
for the largest number of coefficients we tested, i.e., 8,000 coefficients, the errors are still very 
large, for example, 49.5% for z=0.5 and 59.3% for z=1.0. Due to the large errors of wavelet, we 
present only the results of cosine series in the following.  

As observed, it requires a much greater number of coefficients to achieve a desired precision 
in high dimensional spaces as there are too many frequency values to be approximated. 

 

 
Figure 7.5  Six Dimensional Queries, z=0.5 
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Figure 7.6  Six Dimensional Queries, z=1.0 

7.2.2 A Real Dataset 

Figures 7.5 and 7.6 show the results on the real dataset.  
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Figure 7.7  Real Dataset: Two-dimension Queries 

 
As in the synthetic experiments, our method performs better than the wavelet. For example, 

with only 100 coefficients, as shown in Figure 7.7, the errors of the wavelet and cosine methods 
are 12.45% and 1.68%, respectively. 

For three-dimensional queries, as shown in Figure 7.8, with 100 coefficients, our error is al-
ready below 10% while the wavelet still has an error as high as 54%. 
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Figure 7.8 Real Dataset:  Three-dimension Queries 

7.3  Update and Estimation Speeds 

It is important that selectivity estimates can be derived fast in a data stream environment. It is also 
important that estimators can be updated fast enough to accommodate the continuously arriving 
data. In the following, we compare the update and estimation speeds. As mentioned earlier, the 
higher the number of dimensions, the greater the number of coefficients is required for an estima-
tor to achieve an acceptable accuracy. Therefore, we assume that the estimators have 400, 3,000, 
8,000 coefficients for 2-dimensional 3-dimensional, and 6-dimensional cases, respectively, which 
we believe would generally be large enough to yield reasonable accuracy.  

Let m be the number of coefficients used in the estimators. It takes O(m) time to update a co-
sine estimator, as shown in Eq. (6.1). One the other hand, wavelet takes O(log H) time to update 
the coefficients, where H is the size of the underlying histogram, recalling that wavelet is a histo-
gram-based method. Note that the size of histogram generally increases exponentially with the 
number of dimensions (d) of the histogram, i.e., H=|D|d, where |D| is the size of the attribute do-
main. As shown in Table 7.1, wavelet is faster in 2-dimensional case but slower in higher dimen-
sional cases. This is mainly due to the dramatically increased underlying histogram size of the 
wavelet method as the dimension increases.  
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Table 7.1 Update Speed 
Time 

(microseconds) 
2-

dimension 
3-

dimension 
6-

dimension 
Wavelet 210 2,058 - 
Cosine 72 389 1,321 

 
. 

The cosine method has a complexity of O(2dm) for selectivity estimation, as demonstrated in 
Eqs. (3.2) and (5.5). The wavelet needs to reconstruct the portion of histogram covered by the 
range query and thus has a complexity of O(2d Hlog(H)). Consequently, the wavelet estimator can 
be very slow if the relevant portion of the histogram is large. Similar to the update speed, wavelet 
is faster in lower dimensions, e.g., two, but slower in higher dimensions.  

 
Table 7.2  Estimation Speed 

Time 
(microseconds) 

2-
dimension 

3-
dimension 

6-
dimension 

Wavelet 4.7 6,906 - 
Cosine 132 1,250 3,002 

 

 8  Conclusions 

In this paper, we develop a nonparametric statistical selectivity estimation approach, which is 
based upon the empiric distribution estimation by the cosine series. First, we derive an estimator 
for the empiric distribution of attributes in a relation, and then use the empiric distribution estima-
tor to compute the distribution selectivity. Our method is suitable for both continuous and discrete 
data. 

 The empiric distribution estimator can be stored easily and updated efficiently. The experimen-
tal results have shown that our approach produced much more accurate estimates than the wavelet 
method. The proposed method is well suited for on-line approximate aggregate query estimation 
over continuous data streams. It is simple, accurate, efficient, and adaptive. 
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