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Abstract

Selecting features for multi-class classification is daalty important task for pattern recognition and
machine learning applications. Especially challengingiselect an optimal subset of features from high-
dimensional data, which typically have much more varialthes observations and contain significant
noise, missing components, or outliers. Existing methdtlseee cannot handle high-dimensional data
efficiently or scalably, or can only obtain local optimumteed of global optimum.

Toward the selection of the globally optimal subset of feagLefficiently, we introduce a new selector
- which we call the Fisher-Markov selector - to identify teofeatures that are the most useful in
describing essential differences among the possible grdegticularly, in this paper, we present a way
to represent essential discriminating characteristigstteer with the sparsity as an optimization objective.
With properly identified measures for the sparseness amdmisativeness in possibly high-dimensional
settings, we take a systematic approach for optimizing teasures to choose the best feature subset.
We use Markov random field optimization techniques to sohe formulated objective functions for
simultaneous feature selection.

Our results are non-combinatorial, and they can achieveexiaet global optimum of the objective
function for some special kernels. The method is fast; palgrly, it can be linear in the number of

features and quadratic in the number of observations. Wiy app procedure to a variety of real-world
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data, including mid-dimensional optical handwritten tiditaset and high-dimensional microarray gene
expression datasets. The effectiveness of our method f&roed by experimental results.

In pattern recognition and from a model selection viewpoinir procedure says that it is possible
to select the most discriminating subset of variables, byirsg a very simple unconstrained objective

function, which in fact can be obtained with an explicit eagsion.

Index Terms

Classification, feature subset selection, Fisher’s limkscriminant analysis, high dimensional data,

kernel, Markov random field.

I. INTRODUCTION

In many important pattern recognition and knowledge discpvtasks, the number of variables or
features is high; oftentimes, it may be much higher than tlvaber of observations. Microarray data
for instance, often involve thousands of genes, while theber of assays is of the order of hundreds
or less. In neurodevelopmental studies with functional MRIRI) images, the number of experiments
for the subjects is limited whereas each fMRI image may haws bf thousands of features. For these
data, feature selection is often used for dimensionalithucgon. It aims at evaluating the importance of
each feature and identifying the most important ones, whichs out to be critical to reliable parameter
estimation, underlying group structure identification, aassification. With a reduced dimension, the
classifier can be more resilient to data overfitting. By eliiiiairrelevant features and noise, the time
and space efficiencies become significantly better.

Feature selection has several challenges in facing theafioigpproblems:

1) A small sample size with a large number of features. Thisbe®n acknowledged as an important
challenge in contemporary statistics and pattern reciogniSelecting the best subset of features is,
in general, of combinatorial complexity. Classifying higimensional data without dimensionality
reduction is difficult and time consuming, if not impossiblEhe irrelevant variables make no
contribution to the classification accuracy of any classifigr;, bather, have adverse effects on the
performance. With too many irrelevant variables, the di@ssion performance would degrade into
that of random guesses, as empirically observed in [1] [24, #heoretically shown in [3].

2) Linearly nonseparable classes. These cases can be difficutiany feature selectors. In a high-

dimensional space, the difficulty may be alleviated thank€doer’'s theorem [4].



3) Noisy features. High-dimensional data usually haveiggnt noise. The noise or irrelevant com-
ponents can easily lead to data overfitting, especially fgrdata with a large number of features
but a small sample size. The main reason is because, for ggndional data, it is easy to find
some noise components which may be different for each clasa g small number of observations;
however, they may not correctly represent the importancieatres.

In this paper, we study choosing a desirable subset of femtfor supervised classification. Even
though our main focus is on high-dimensional data, the megd-isher-Markov selector can be applied
to general data with arbitrary dimensions, as shown withegrpents in Section V. The Fisher-Markov
selector can be regarded as a filter method, meaning the extlfatures can be properly used by any
available classifiers.

In the same spirit as Fisher’s discriminant analysis (FDA) g use the class separability as a criterion
to select the best subset of features; that is, we maximabehveen-class distance while minimizing the
within-class distance - hence the first part of the name. Thewause the class separability, however,
is different than the FDA (or its kernelized version KFDA),heit the linear discriminant analysis (LDA)
or quadratic discriminant analysis (QDA). The FDA is used fxracting features through feature vector
transformation (the KFDA does this in a kernel space); in i@stf the Fisher-Markov selector is a
general variable (feature) selection strategy. The goamuations and optimization techniques of the
Fisher-Markov selectors are completely different from gho6the FDA (or KFDA). In defining the class
separability, we incorporate kernel tricks to map eachinaignput to a higher-dimensional kernel space.
By doing so, we may define our feature selection problem in ads®tting, with the aim to subjugate
the difficulty of the above-mentioned second challenge whendimensionality of the input space is
insufficiently high. To reduce the adverse effect from noisenponents, the Fisher-Markov selector
employs anjp-norm to penalize the complexity. As experimentally showrSection V, the overfitting
problem can be overcome neatly with a principled method. & ieof course a huge literature on feature
selection, and it is well known that the best subset seledsogenerally of combinatorial complexity,
with which it is literally infeasible for high-dimensiondhta. By taking advantage of some special kernel
functions, the Fisher-Markov selector boils down the gednsubset selection to seeking an optimal
configuration on the Markov random fields (MRF). For the MRF peabl the Fisher-Markov selector
then constructs efficient ways to achieve the exact globaimagtion of the class separability - hence
the second part of the name.

In this paper, scalars and vectors are denoted by lowerletises, and a vector is clearly defined when

it first appears. Matrices are denoted by capital letterspSkaiters denote spaces or classes, especially,



RF denotes thek-dimensional space of real numbers. The operation, - > denotes the Euclidean

inner product of two vectors. The transpose of a veatds denoted byx”, and itsl,-norm by ||z||,,

0 < g < oo. We use the notation df); to denote theth element of a vector, dr);; theij-th element of

a matrix. We usé to denote a scalar zero or a vector of zeros whose dimensideds in the context.
The paper is organized in the following way: We begin by disowus related work in Section Il. We

formulate a class of new selectors in Section Ill, and explicionstruct the Fisher-Markov selector in

Section V. Section V introduces experiments demonstratirag our approach is effective in practical

applications. And finally, Section VI summarizes our findingd tireir consequences for variable selection

and supervised classification.

Il. RELATED WORK

There is a huge literature on variable or feature selectind,rmany procedures motivated by a wide
array of criteria have been proposed over the years. Wewewidghe following only the methods that
are closely relevant to our work.

Subset selection methods in discriminant analysis for pattecognition were initially studied by
Dixon and Massey, and Kendall [6] [7]. These and other earlykwiocused on normal-based linear
discriminant function (NLDF) for two groups under the assuompbf normality and homoscedasticity; see
Devijver and Kittler [8], Fukunaga [9], and McLachlan [10] fexcellent discussions. Traditional methods
considered various selection criteria and optimizatiahmegues. For example, Fu devised mathematical
programming approaches to feature selection [11]. The KokH_eibler divergence (KLD) [12] and the
Bhattacharyya distance [13] were used as selection eitNiarendra and Fukunaga described the branch
and bound algorithm that maximizes a criterion functionroa# possible subsets of a given size [14].
Rissanen characterized the stochastic complexity of th& la constructing the minimum description
length (MDL) principle, and he proposed two methods for \adaselection with the MDL principle [15].
These traditional methods are able to handle only large-kaoages, where the number of observations is
much larger than that of features. For high-dimensionad,dagually they are inapplicable. An exception
is Kira and Rendall's Relief [16] which weighed features taximize a so-called margin. It can be used
for high-dimensional data though the results are far frorinugd.

Lasso method was proposed by Tibshirani, which i grenalized squared error minimization problem
[17]. It has been shown to be effective in estimating spaesgufes. More recently, there has been a
thrust of research activities in sparse representationigrfats - among which are Donoho and Elad

[18], Donoho [19], and Candes, Romberg, and Tao [20]. Thesessprepresentation techniques have



a close relationship with feature selection, especiallgabbee thel; minimization may approximate
the sparsest representation of the signal and discar@vemei variables. In this vein, Candes and Tao
have proposed the Dantzig selector that is suitable for-tigtensional data by employing the Lasso-
type [; regularization technique [21]. It appears to be ineffextfor linearly nonseparable data. An
interesting model-based approach to feature selectiobédas constructed by McLachlan, Bean, and Peel
for high-dimensional data [22]. Peng, Long, and Ding have psed a method, mRMR, by combining
max-relevance and min-redundancy criteria [23]. Their méthses a greedy optimization of mutual
information for univariate feature selection. It handles/d to mid- dimensional data effectively. Wang
has presented a feature selection method using a kernal stgerability, a lower bound of which is
optimized with a gradient descent-type of optimizatiorntéque [24]. This method finds local optimum(s)
iteratively and is applicable only to stationary kernels.

The above-mentioned work chooses a subset of feature \@sibploptimizing feature selection criteria,
including the probability of error, KLD, NLDF class separatép Bhattacharyya distance, MDL, etc. They
select features independently of the subsequent classifitbaish in the literature are referred to as filter
methods. Also often used are wrapper methods, which fix aifilasand choose features to maximize
the corresponding classification performance. Westoal's method, and Guyoet al's recursive feature
elimination (RFE), e.g., choose features to minimize thesdiaation errors of a support vector machine
(SVM) [25] [26]. Wrapper methods choose features in favor giaaticular classifier, and they incur
higher computational complexities by evaluating the d¢fesssaccuracy repeatedly. The feature selector
proposed in this paper is mainly a filter method and its restulaibset of features is proper for any
classifiers.

Optimizing a variable selection criterion or classifier peniance needs a searching strategy or algo-
rithm to search through the space of feature subsets. Gfatyatimal (in the sense of a chosen criterion)
multivariate selection methods usually have a combinataromplexity [27]. A notable exception is
Narendra and Fukunaga’'s Branch and Bound method whose diptirhawever, can only be guaranteed
under a monotonicity condition [14]. To alleviate the diffigy many practically useful, though subop-
timal, search strategies have been considered includimdpra search [28] [29], sequential search, etc.
The sequential search methods select features one at a tartéeynare widely used for their efficiency
[25] [26] [30]. The selector presented in this paper is an efficimultivariate selection method that
may attain or approximate the global optimum of the identifietrimination measure. For instance, the
resulting LFS (see Section 1V) has a complexity linear in the lpemof features and quadratic in the

number of observations.



The feature selection problem with more than two groups @sela is usually more difficult than those
with two groups. The Fisher-Markov selector is built diredtly multiple-class classification; that is, the
number of classes is greater than or equal to two. Also, tisesieclose tie between discriminant analysis
and multiple regression. Fowlkes, Gnanadesikan, and méttg [31] considered the variable selection
in three contexts: multiple regression, discriminant gsial and clustering. This paper only focuses on

the problem of feature selection for supervised classifioati

[11. FORMULATION OF FISHER- MARKOV SELECTOR

In many research fields, feature selection is needed for gigpdr classification. Specifically, with
training data{(xx, yx)}1_,, Wherez; € R? arep-dimensional feature vectors, and € {wi, - ,wy}
are class labels, the most important features are to be rHos¢he most discriminative representation
of a multiple-class classification withiclasse<’;, i = 1,-- - , g. Each clas€; hasn; observations. Given
a set of new test observations, the selected features alldapeedict the (unknown) class label for each
observation. This paper focuses on an important situatiomhich p is much greater than, though as
readers will see later in Sections IV and V the proposed meih@gplicable to general data including

the large-sample case withless thamn.

A. Selection In the Spirit of Fisher

Feature selection methods, especially those independetiieotlassifiers, need to set a selection
criterion. Often used are the KLD [12], Bhattacharyya dis&afil3], mutual information [23], etc.

Fisher's FDA is well known [8] - [10]. It discriminates the ct&s by projecting high-dimensional input
data onto low-dimensional subspaces with linear transhtions, with the goal of maximizing inter-class
variations while minimizing intra-class variations. The LO#simple, theoretically optimal (in a certain
sense [10]) and routinely used in practice; for exampleairefrecognition, bankruptcy prediction, etc.
[32]. When the number of observations is insufficient, howeitesuffers from a rank deficiency or
numerical singularity problem. Some methods have been pezpto handle such numerical difficulty,
including Bickel and Levina’s naive Bayesian method [33]. iE¥kough Fisher’s discriminant analysis
performs no feature selection but projection onto subspéoeugh linear transformations [8] - [10],
the spirit of maximizing the class separations can be etqadior the purpose of feature selection. This
spirit induces the Fisher-Markov selector’s class sephabieasure (see 1lI-B).

In the spirit of Fisher’'s class separation, to construehaximally separableand at the same time,

practically usefufeature selector which is applicable to general (includieg., both large-sample and



high-dimensional) datasets, two main questions are yeetadaressed:

« (Q1) Can the selector manage to handle linearly nonsepaeatal highly noisy datasets with many
irrelevant features?

« (Q2) Can the selector’s class separation measure be optnrizan algorithmically efficient way?

The first question (Q1) can be approached by using kernel idegmred by [34] - [37] [24], and by using
an lp-norm. The use of thé)-norm is to offer a model selection capability that detemsimow many
features are to be chosen. In response to (Q2), the feati@et@emust be constructed to admit efficient
optimizations. A group of features may lead to the best dlaatson results although each individual
feature may not be the best one. To capture the group effeappiears necessary to seek multivariate
features simultaneously instead of sequentially or in aariate fashion. The multivariate selection is
essentially a combinatorial optimization problem, for ahiexhaustive search becomes infeasible for a
large number of features. To overcome this computatiorfé€diy and for simultaneous selection, this

paper exploits MRF-based optimization techniques to predualtivariate and fast algorithms.

B. Class Separability Measure

In the original input (or measurement) space, denote thiinvjtbetween- (or inter-) class, and total

scatter matrices by,,, Sy, and S;:

ny

_1y (”) () T
Sw = EZ (" — )@y — wj)" (1)
7j=11i=1
1< T
SbZEan(Mj*M)(Mj*M) ; (2)
j=1
1 n
5=3 > (@i — )@ — )" = Sw+ S, (3)

=1
Where:z:z(j) denotes theth observation in clas§;, andy; and . are sample means for claSg and the
whole data set respectively; i.g; = % > xl(j), andp =137 ;.

To measure the class separations, the traces or determiofititese scatter matrices may be used
[9]. In this paper, to form a class separation criterion, ttiages of these scatter matrices are employed.
The above scatter matrices measure the data scattering msiaigs and variances, based on an implicit
assumption that the data in each class follow a normal digidn. This assumption works well for
large-sample data. To address the linearly nonseparabldepn (Q1), kernels will be incorporated into

the above scatter matrices. Lgt) be a possibly nonlinear mapping from the input sp&éeto a kernel



spaceRP”:
¢:RP — RP (4)
P(x) — . (5)

With the kernel trick [35], the inner product in the kernebsp becomes: ¢(z1), ¢(x2) >= k(x1, x2),
with &(-,-) being some kernel function. After mapping into the kernelcs the scatter matrices can be
calculated in the kernel space, where the within-, betwedass, and total scatter matrices are denoted

by S, Sy, andS;. By simple algebra it is not hard to find the traces%f, S,, and S; to be

Tr(8) = ~TH(K) — © zg: L sumx ) (6)
Y n < n ’
. 11 @y 1
Tr(Sy) = - Z ;Sun’(K ) — ﬁSun’(K), (7)
i=1 "
Tr(S,) = %Tr(K) _ %SUH(K), (8)

where the operators Sym and Ti(-) calculate, respectively, the summation of all elementstaadrace

of a matrix, andk and K are sizen x n andn; x n; matrices defined by
(Ko =k, m), (KD} = k(= 2(), 9)

for k,le{l,--- ,n},u,ve{l,--- ,n;},andi=1,--- ,g.

The feature selector is denoted by= [, - -+, )T € {0,1}P with o), = 1 indicating thekth feature
is chosen o0 not-chosenk = 1,--- ,p. The selected features from a feature veatare given by
z(a) =70 a, (10)

where the operatop represents the Hadamard product (also known as the Schuugbyoshich is an

entrywise product. With feature selectiolf, and K ) become functions of:
{K(a)}k = k(zp © o, 21 © ), {K(i)(a)}uv = k(ng) O a, :1;1(}') O a), (11)

fork,le{l,--- ,n},u,ve{l,--- ,n;},andi = 1,--- , ¢g. Hence so do the traces of the scatter matrices,
which are denoted by T6,,)(c), Tr(Sy)(a), and T(S;)(a).

The goal of the feature selection is to maximize the classratipas for the most discriminative
capability of the variables. In the spirit of Fisher, we folate the following unconstrained optimization

for class separability:

argmaX,co1y»  11(9) () = Tr(S:) (), (12)



where~ is a free parameter whose suitable range of values will brudéed in Section IV. Now we first
consider the effect of the signs of
When~ > 0, by using the Lagrangian multiplier technique [38], it is edtthat the unconstrained

optimization is equivalent to the following constrainediopzation problem:

argmaxc o1y, T1(Sh)(a) (13)

subject to  T¢S,)(a) < constant (14)

It maximizes the inter-class scattering while keeping thtaltscattering bounded (so the intra-class
scattering is automatically minimized); nonetheless, adynbe sensitive to spurious features of the data
in high-dimensional case.

When~ < 0, the unconstrained optimization in Eq. (12) actually mazigsi not only the discrimina-
tiveness but the expressiveness jointly. For high-dinmradi data where > n, there may be many
irrelevant or highly noisy components, among which it isye&s find some spurious features that
discriminate different groups quite well; for subsequdassifications, however, these spurious features
are only misleading. To avoid degrading the generalizamruracy, it is imperative that we avoid spurious
features and select those truly discriminative varialiies tepresent the essential information or structure.
That is, we should preserve the so-called expressive powteadata. A classical way for obtaining the
expressiveness of the data is to use the principal compamahtsis (PCA), which maximizes the quotient
of % over nonzera € RP - Kernel PCA (KPCA) does this by using} in the kernel space. Motivated
by the KPCA, we usd(S;)(c) to describe the expressiveness, and we maximize it througFeature
selectora. The normalization by v = ||v||3 in the PCA will also have a regularization counterpart in
our formulation (which will be||a||o and introduced subsequently). Now the objective functimpired
by the KFDA is to maximize TS, ) () — 71 Tr(S;)(c), wherey; > 0 may be a Lagrangian multiplier;
and the objective function inspired by the KPDA is to maximizéS;)(a). To maximize both objectives
jointly, we combine them using somg > 0, and we have TiSy)(a) — (71 — 72)Tr(S;)(a). Letting
v = 71 — v thus yields Eq. (12). Hence, whenp < 0, by using a nonnegative linear combination
of Tr(Sy) () and Ti(.S;)(«), our feature selector maximizes simultaneously the disogtiveness and
expressiveness, useful particularly for high-dimendiaiaga. Our analytical results and experiments have
found thaty < 0 often leads to a superior classification performance thaaiityfstable for a range of
~ values.

Now we are in a position to contrast to the LDA or KFDA to highlighe differences. The LDA

computes a linear transformation, often in the form of a mato project onto a subspace of the original
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space (KFDA does this in the kernel space), whereas our gdelsslect variables using € {0,1}?,
which is a highly nonlinear process. In terms of optimizatgirategies, the LDA or KFDA often uses
generalized eigenvalue techniques [38], whereas ourtsedemake use of the MRF techniques that will
be specified in Section IV.

In the presence of a large number of irrelevant or noise bk jointly optimizing discriminativeness
and expressiveness can help but it alone is still insuffici@he classifier's performance may still be
degraded as observed empirically by Fidlet,al. [39]. The reason is that overfitting becomes overly
easy. To avoid detrimental effect of overfitting, model sttechas to be explicitly considered. There is
a huge literature on model selection, and many procedures Ieen proposed such as Akaike's AIC
[40], Schwarz's BIC (also called Schwarz Criterion) [41], apaister and George'’s canonical selection
procedure [42]. Foster and George’s procedure makes uselgfrerm, which is the number of nonzero
elements of a predictor for multiple regression problemse [phnorm has also been used by Westn
al. [43]. They formed essentially ala-norm SVM, rather than thé,- [35] [37] or I;-norm SVM. The
optimization of thelp-norm SVM, however, is not convex and can only be performedagpmately.
To handle the noise robustness issue raised in (Q1)/otlm@rm is utilized in our feature selector to

regularize the discrimination measure. Hence we obtairfdbewing feature selection criterion,

argmaX (o1 {Tr(Sh)(@) —Tr(Sy)(a) — Bllallo}, (15)

where S is a constant factor for thg norm whose feasible values will be discussed in Section IV.
More explicitly, plugging the expressions for the scattetmces into Eq. (15), we have the following

feature selector,

g
(Fs)  argmax LIS Lsum(k®(a)) ~ Tr(s(a)) + T suntic ()] - Bllalle.  (16)
ac 0,157 i=1""

The formulated feature selection process (FS), in generalc@dinatorial optimization problem for
many kernel functions, which is computationally feasibldyowhen p is not large. For some special
kernel functions, surprisingly, global optimum can be aied efficiently for largep. To address the
computational efficiency issue raised in (Q2) and to obtamal optimum solutions, we consider these

special kernel functions for selecting maximally sepagdihture subset via (FS).

IV. FEATURE SUBSET SELECTION USING FISHER-MARKOV SELECTOR

To obtain efficient and global optimization for (FS) for largesome special kernels will be considered

including particularly the polynomial kernels. We consgidee polynomial kernel [35] - [37]

k(z1,22) = (14 < 21,22 >)%, (17)
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whered is a degree parameter; or alternatively,

k‘/(l‘l,l‘g) = (< ) >)d. (18)

A. Fisher-Markov Selector with Linear Polynomial Kernel

Incorporating the feature selectar with d = 1, the kernel becomes

ky(z1,22)(a) =1+ <21 Qa,z0 @ v >= 1+ quxgiai; or,
=1

Ky (w1, z2)( E L1572

Now pluggingk (-,-) (or k(-,-)) into Eq. (15) or (16), and defining; to be

i 2 2 _ln
Z >0 alall) -

uvl zl u,v=1

(19)

we have the following special case of (FS):

Proposition 1V.1 With a linear polynomial kernel af = 1, and6; defined in Eq. (19), the Fisher-Markov

feature selector (FS), which maximizes the class sepastiomns out to be

P
(LFS) argmaz ae o, 1y Z(Oj — B)ay.
j=1

For given 3 and ~, the feature selector (LFS) has an optimahe {0, 1}? such that
0; > B +=aj =1 (20)
The computational complexity for obtainimg with the given training data i©(n?p).

The (LFS) is a special case of Markov random field (MRF) problem wiitatdy labels, in which there is
no pairwise interaction term. For this particular maxintiza problem,a* is obviously the unique global
optimum solution. Whers and~ are given, the Fisher-Markov selector has a computatiormalptaxity
linear inp and quadratic im. For high-dimensional data with>> n, for instance gene expression levels,
the number of features may be thousands or tens of thousdhnitis tve size of a training sample is at
the order of hundred. The (LFS) is fast in terms of the number dfifea.

The coefficientd; indicates the importance of thgh feature. The greater the value &f, the more
important the corresponding feature. As observed in Secdtipthe Fisher-Markov selector is pretty
insensitive to the value of as long as it is in the feasible range of values that will beulised later.

The value of3, however, is important in determining the number of chossiures. It is clear from the
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above Proposition 1V.1 that the regularization factoturns out to be a global threshold. This paper uses
cross validation during training to set a proper value gor

Now some performance analysis on the (LFS) is in order. It isllystraie that the observations,,
and x, are statistically independent when=# v. Let’s first consider simple cases where each feature
variable follows a Gaussian distribution. If thith variable contains no class discrimination information,
it behaves like random noise across the classes. Thﬁﬁare independently and identically distributed
(i.i.d.) Gaussian white noise:() ~i.i.d. N(0,0% 2) foranyu =1,--- ,n; andi = 1,--- , g. On the other
hand, if thejth variable is an important feature for classification, it sl@®ntain class discrimination
information, and thus we model it byffj) ~ 1.4.d. N(Mvj,a]?). Then we have the following property of
the (LFS):

Proposition V.2 Using the (LFS), if theth variable contains no class discrimination informatighen

o2

0~ - X2 — v+ (v =13 (21)

if the jth variable is an important feature for classification, then

g g
WD iy = Q- Ainig)’]
=1 =1

g g 2
i v —1)2 o
+205,| Y (5 A+ (Vb " ) O Aipig)? Gi+ ﬁ[xﬁ v+ (v=Dxis (22
=1 =1

where Xi is a Chi-square distribution withk degrees of freedom (d.o.g{s; is a standard normal

distribution, and); is defined to be:;/n, thus>>7_, \; = 1.

Proof: The proof is obtained from direct calculations of Gaussiandom variables. When thgh
feature variable contains no discrimination informati% Yoy a:(i)- is Gaussian distributed with mean
zero and variance?. It follows that ( \ﬁ Sy xuj)2 has a distribution o x7. Thus, the first additive
term in 6; has a distribution of%z'xg. Similarly, we can calculate the second and third term8;iand
hence Eqg. (21).

When thejth variable is an important feature for classmcatleﬁ# Yo u] = nipij + oG

Then we have the first term iy as

g 2

1 & g g o g o2
Ai(— i 2% ¢ =Y Npdi 2L g Gy 4+ =22
Z z(nluzzl Z i MZJ+ \/» ‘|‘ 1) ZZ:; z/ﬁz,]‘i‘ \/ﬁ ; il j 1+ TLXg

i=1 i=1

Similarly, we can derive the expression for the second and terms in¢;, and hence Eq. (22). W
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Though the above proposition is derived based on Gaussiaibdt®ns, the conclusion is still true for
nonGaussian distributions in the asymptotic regime, evieenithe observations have certain correlations
- e.g., with the Lindeberg-Feller condition [44], or when atistaary random sequence or a random
field satisfies some mixing conditions [45] [46] - provided tlettal limit theorem (CLT) holds. When
the total number of observations becomes large and,/n tends to a constank;, \FZU 1 uj
follows approximately a Gaussian distribution as a consage of the CLT. And the rest of the proof of
Proposition V.2 remains the same.

As a consequence of the above proposition, the mean andnearief ¢; are, in the absence of

discrimination information,
032' 20;'1 2 2
E(j) =——-(m+1-g=7);  Var(l;) = —5(g+m" +(y—1)7); (23)

and in the presence of discrimination information for difisation,

g g o2
E(0;) = (1—-7) [Z )\i/l?,j - (Z Aitij)?] — ;J(’Yn +1—-9g—7); (24)
I\ 04
Var(9;) = 40J2- [Z(# + 72/\22);%2’]- Z )xhuw |+ 7(9 +ny? 4+ (y — 1)?). (25)

i=1
A feature variable will be selected only when it contributesdistinguishing the classes. The means,
in the absence or presence of discrimination informati@veho be separated sufficiently far apart with
respect to the variances. Specifically, we require that tHerdiice between the means be larger than
times the standard deviations, usually with> 2. This leads to a separation condition for tfth feature

to be selected as stated in the following corollary:

Corollary 1V.3 A condition for thejth feature variable to be chosen by the (LFS) is that ~| U is

larger than both/s@ VI + 172+ (7 — 1)2 and 2k0; [ +2W2 4 HOZUE (579 3, )2 4 % (9+
1/2
ny? + (v = 1)2)] 2, whereU = [0, A2, — (X0, Aipa)?] and W = /500 2222

In the above, the terny is always nonnegative due to the Cauchy-Schwartz inequéiyollary 1V.3
can be used to design a propgethat separates well the discriminative from non-discratiie features.

In the case thadr;lwz =o(n), 1+ (v —1)2(X%_; \ini;)* = o(n), the separation condition essentially
becomes

1=~ U > 2k04|y|W. (26)

Then the feasible range af values can be chosen to he< v < U/(U + 2x0;W) whereL is a lower
bound fory with L = U/(U — 2k0;W) < 0if U < 2k0;W; or L = —oc0 if U > 2k0;W.
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The above condition provides insights into the feasible eanfjy values and why oftentimes a
negativey may lead to a better performance than a positive one, asgubiotit in Section Ill. This
condition may also guide us to choose proper values,afhich needs to be chosen to cut off from the
feature distributions in the absence of class discrimiraitiformation. As empirically observed in our
experiments, there is usually a large rangeyofalues satisfying the above condition, and the (LFS) is
quite insensitive toy values. This paper uses the cross validation to choose dleuitayiven a classifier.

The procedures of the LFS are illustrated in Algorithm 1 with sgoy and 5.

Algorithm 1 Algorithm for LFS: Fisher-Markov Selector Using Polynomial Kdrméth d = 1.
1: Input: A data matrix of training examplés, ..., z,,| € RP*" for g classes, a vector of class labels

of the training exampleg = [y1,--- ,yn), Wherey, € {w1, - ,wg}, k=1,--- ,n
2: Compute the Markov coefficients by Eq. (19).
3: Solve the MRF maximization problem ¢LFS) in Proposition IV.1 by Eq. (20).

4: Output: Estimated feature selector of.

B. Fisher-Markov Selector with Quadratic Polynomial Kernel

With d = 2, the polynomial kernel in Eqg. (17) or (18) as a functioncobecomes

ko(z1,z2)(a) = (14 <21 O a,20 O a >)? = (1+ lemzaz ., or (27)

k:2 X1, 51:2 Z .%’1@"1321052 . (28)

Now plugging lkz(:pl,xg)(a) (or —k2(x1,m2)(a)) into Eq. (15) or (16), and defining;; to be

n
o
ejl = - Z Z -Tuj v] ul vll Z Z Ly Loyj Lyl Lol 1<5,0<p, (29

uvl u,v=1

we obtain the following special case of (FS).

Proposition 1V.4 With a quadratic polynomial kernéjks(z1, z2)(c), the Fisher-Markov feature selector

(FS) turns out to be
p

p D
(QFS) argmazae o1y Z(Hj - B + 3 Z Z 01 ajoy.

j=1 j=11=1

—_

Alternatively, with a quadratic polynomial kernék’ (x1,22) (), itis

(QFS")  argmaz,eqo s Z —B o+ Zzeﬂ ;.

jlll
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Here 0, is defined in Eq. (19) and;; in Eq. (29). An exact global optimum can be obtained efficiently
by optimizing the above binary-label MRF if and onlyjf > 0 for all 1 < j <1 <p.

Clearly, the (QFS) is an extension to the (LFS) with additionat-pase interaction terms, whereas
the (QFS) and (QFS’) have the same pair-wise interactions. BQ#S] and (QFS’) seek optimal
configurations for binary-label MRFs. A few comments to optimg the MRFs are in order now. Ever
since Geman and Geman’s seminal work [47], the MRFs have bedelywused for vision, image
processing and other tasks [48] [49]. It is generally hardirtd a global optimum and the optimization
can be even NP-hard [50]. In a seminal work [51] Picard and fRatimputed a maximum-flow/minimum-
cut on a graph to optimize the MRF energy. Ishikawa [52] shibtfet convexity of the difference of
pairwise labels is a sufficient and necessary condition (émemore than two labels). Kolmogorov and
Zabih [53] gave a sufficient and necessary condition for opiimgi binary MRF with pairwise interactions
via s-t minimum-cut. For the MRFs that do not satisfy the ctiads, a significant progress has been
made recently with mainly two types of methods to approxarise global optimum, those based on
graph-cuts [52] [54], and those based on belief propogdidso called message passing) [55] [56].

Proof: For the problem of (QFS), it is easily seen that

p p p
1
maxle{m}p Z(GJ — ﬂ)Oéj + 5 Z Z 9]'1 a0 (30)
j=1 j=11=1
p p 1 p p
:minae{071}p Z(ﬁ 0; — 1/42 ik + ij a; + 1 Z Z@ — 045)2. (31)

j=1 k=1 Jj=11=1

For the problem of (QFS’), the same pair-wise terms are oldais each pair-wise interaction term is a
convex function in terms ofo; — o) for binary MRF energy minimization problem, invoking Ishika’s
result [52], the conclusion immediately follows. Alterivaly, this can be shown by using Kolmogorov
and Zabih's result [53]. Defining?! (a;, oy) = —0j; ajay, then the sufficient and necessary condition for
binary MRF energy minimization, which is the so-called regity condition in [53], become&7(0,0) +
Ei(1,1) < E7Y0,1) + E7(1,0) for j < [; that is,f;; > 0. The exact solution to the MRF can be sought
using, e.g., the minimum cut algorithm specified in [SH].

In the following, we provide a sufficient and necessary caoodjtin terms of~, for attaining exact

global optimal solutions:

Corollary I1V.5 An equivalent condition, both sufficient and necessary, f@rgnteeing an exact global
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optimum for solving (QFS) or (QFS’) is

W_B‘n n;

L i

U

(

ngj?ngl)f - (Z wujxul)2:|7 for 1 <j<l<p, (32)
1 u=1

with a term Bj; defined as
n n
2
=1 u=1
If B;; =0 for some(j,(), then1/Bj; is defined to bet-oo.

In the above,B;; > 0 for any pair of(j,/) due to the Cauchy-Schwartz inequality, aBg = 0 if
and only if z;;x; is a constant for ali, 1 < ¢ < n. Given a pair of indexeg, [, the complexity for
calculating a singlé;; is O(n?), and thus the complexity for calculating &), is O(n?p?). The MRF
solver has a complexity only in terms pf For traditional large-sample problems wher n, (QFS) or
(QFS’) may be solved with an efficient MRF solver for an optimailr{ear-optimal) subset of features. In
high-dimensional settings whege>>> n, the complexity of solving (QFS) or (QFS’) may be prohibitive
and thus it is recommended that (LFS) be used instead.

In the case that < n, when the pairwise interaction terms satisfy the sufficiewt @ecessary condition,
e.g., by choosing propey values, graph-cut method can be utilized to find the exachatiip optimal
configuration to (QFS) or (QFS’). When there is at least a pairwitgraction term that does not satisfy
the condition, however, it has been shown for binary MRFs fitemezation is NP-hard [53]. In this case,
globally optimum solutions to the MRFs can still be approxiedaefficiently by using either a graph-cut
method or a message passing algorithm [55].

The procedures of the QFS are illustrated in Algorithm 1 witbhsgn~y and j.

Algorithm 2 Algorithm for QFS: Fisher-Markov Selector Using Polynomial Kerwith d = 2.
1: Input: A data matrix of training examples:, ..., z,,] € RP*™ for g classes, a vector of class labels

of the training exampleg = [y1,--- ,yn), Wherey, € {w1, - ,wg}, k=1,--- ,n.

2: Compute the Markov coefficients by Eq. (19) and;; by Eq. (29).

3: Solve the MRF maximization problem ¢QFS)(or (QFS’) in Proposition (IV.4) by using an MRF
solver, e.g., the one specified in [53].

4: Qutput: Estimated feature selector af .

In a similar vein to obtaining (LFS), (QFS) and (QFS’), as we applypiblynomial kernel withd = 3,

an MRF with triple-wise interaction terms can be constrdciehe resulting optimization problem is an
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extension of (QFS) or (LFS). However, the computation oféaj;, would incur O(n?p®) complexity,
and thus it is not suitable for applications with high-direemal data. The derivations are nonetheless
similar and the sufficient and necessary conditions for éxacaximizing the triple-wise MRF can also

be studied in a similar way to (QFS).

V. EXPERIMENTS
A. Experiment Design

To verify the validity and efficiency of our proposed methodsg, perform experiments on a number
of synthetic and real-world datasets. We make comprehersmparisons with several state-of-the-art
feature selection methods such as mRMR [23], SVM-RFE [@6horm SVMs [43] and Random Forests
[29]. We use standard RFE argtSVM provided by the Spider packalgehe Random Forest package
of Breimarf, as well as the mRMR packatjeFour types of classifiers are used in our experiments,
Naive Bayesian (NB), C4.5, SVM, and K-SVM (SVM with a RBF kernd®pth NB and C4.5 are the
Weka implementatich For SVM and K-SVM, we use multiple-class LibSVM (extended fromaly
classification with a one-versus-all approach) in the Matabna? package. We will denote our LFS
Fisher-Markov selector by MRF (d=1) or simply MRF, and QFS byM@=2) in the following sections.
Also, we will denote thd(-SVM feature selection method by LO.

Table | shows the characteristics of the datasets used irexperiments. The smallest real-world
one is Iris [5], which has four features; the largest one, tatesCancer, has 12600 features. As a
comprehensive evaluation, we consider various dataseisetfrom different applications ranging from
optical handwritten digits recognition to gene analysigse with different numbers of classes ranging
from 2 to 10 classes; and those with a small training size aladge number of features. All data and

programs in our experiments are available orfline

Idownloaded from http://www.kyb.tuebingen.mpg.de/bs/people/spidirntia|

2downloaded from http://www.stat.berkeley.edu/users/breiman/Ranuiests

3downloaded from http://penglab.janelia.org/proj/mRMR/

4downloaded from http://www.cs.waikato.ac.nz/ml/weka/

*downloaded from http://www.informedia.cs.cmu.edu/yanrong/MAT d&enal/MAT LABArsenal.htm

Gavailable at http://www.cs.siu.eduficheng/featureselection/
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TABLE |

CHARACTERISTICS OF THE DATASETS USED IN OUR EXPERIMENTS

Dataset Dim. Class Training Test Classifier Comments

Synthetic-1 3 2 924 308 SVM For visual inspection

Synthetic-2 52 2 750 250 SVM Linearly non-separable

Iris 4 3 100 50 C4.5 Classic, small size

Wine 13 3 134 45 SVM, C4.5, NB Classic, middle size

Optical Pen 64 10 1347 450 SVM, C4.5, NB Classic, middle size, multi-class
Leukemia-S3 7070 2 54 18 SVM, C4.5, NB  High-dimensional

Nci9 9712 9 45 16 SVM, C4.5, NB High-dimensional, multi-class
Prostate Cancer 12600 2 102 34 SVM, C4.5, NB High-dimensional

Lung Cancer 12533 2 32 149 SVM, C4.5, NB High-dimensional, smahitrg set

B. Evaluation Criteria and Statistical Significance Test

For a given dataset and a given classifier, we adopt the folpwiiteria to compare these five feature

selection methods:

1) If a feature selection method can produce a smaller éiesson error rate than the other four
methods, then its performance is better than the other four.
2) If more than one feature selection method can give risévéosame error rate, the one using the

smallest number of features in achieving this error ratdéskest.

For high dimensional datasets it is usually unnecessarmyrtaghrough all features to arrive at meaningful
conclusions. It is often sufficient to take the number of fezdufrom 1 to a maximum number of 60 (or
120) in our experiments. To measure the mean and variandeegpdrformance, we take a multi-fold
random split approach with the random splits usually rege20 times. Besides the comparison on any
single dataset, we also conduct statistical significande te®r multiple datasets; on the recommendation

from [57], we use the Wilcoxon signed rank test to compare MR the other four methods.

C. Parameter Setting for MRF

We conduct experiments to examine the parameter settingbeopproposed MRF (d=1) method.
Regardless of the setting for classifiers, there are two peters) and y for MRF. The parameter
£ controls the number of features to be selected; a propeevaiw can be found during the training

stage. To investigate the relationship betweeand the performance of the MRF method, we design
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Smallest error rates

Fig. 1. The relationship between and the smallest classification error rates by using MRF method on Opgcati&taset.

Four different classifiers are used.

experiment using the Optical Pen dataset. Weyleary from —10 through10 with a step size 06.5. For
each~ value, we run MRF with the number of selected features ranfiom 1 up to 64. The smallest
classification errors attained by four classifiers are showigare 1. It illustrates that the performance

of MRF is quite stable for a large range gfvalues as discussed in Section IV-A.

D. Summary of the Results

A summary of comparison results is reported here for theserfiethods with four classifiers; and
further details will be provided subsequently. We have tabies: 1) Table Il is a summary of performance
evaluation for various feature selection methods for sdw#atasets; 2) Table Ill is a summary of their
computational efficiency; 3) Table IV summarizes the mutdfrandom split performance evaluation;
and 4) Table V shows the results from a statistical signifieaiest over multiple datasets.

From Table Il, we observe that MRF attains the smallest dlaasbn error rates (underlined results)
over all six datasets; and especially, on high dimensioatdsits such as Prostate Cancer and Lung Can-
cer, MRF outperforms the other four methods. Other methtstsroduce good results on some datasets,
but they are more time consuming than MRF, as shown in Tabl@rltime efficiency comparisons.

From the multi-fold random split test results in Table 1V, wancsee that MRF often outperforms the
other four methods. On several datasets, other method{sgaisa achieve the lowest average error rates
(those underlined in Table 1V); in this case, MRF has smal@iances.

Finally, we conduct the Wilcoxon signed rank test accordimghie recommendation from [57]. The

rank test is between MRF and each of the other four methodsdbais the results in Tables Il and 1V.
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Fig. 2. lllustration of the data points of Synthetic-1 dataset in the originalteandsformed spaces. The red ‘+' represents
the points of the first class and blue *' of the second class. (a) is a &uional view of the original space, and (b) is the
projection of (a) onto the X-Y plane. (c) is the data distribution in the transfor space using the kernel function given in Eq.
(33), and (d) is the projection of (c) onto the X-Y plane.

The testing results in terms @fvalues are shown in Table V; and it is evident the differasnloetween

MRF and the other four methods are statistically significant.

E. Experiments on Synthetic datasets

1) Three-dimensional linearly non-separable problehe first synthetic dataset, Synthetic-1, is mainly
designed for visual inspection in a 3-dimensional Euclidspace. On the X-Y plane, we first generate
two classes of data. For the first class, we df&& points from a uniform distribution on a unit circle
centered at0, 0); for the second class, we dra®0 points from a Gaussian distribution with a variance
of 0.2 and a mean 0f0, 0). These two classes are linearly separable in a transfornea spduced by

the following kernel:
K(x,y) = (7 — 0.001z1)(y7 — 0.001y1) (33)
+ (22 — 0.00122)(y3 — 0.001ys).

Subsequently, for every two-dimensional poiat y), a third dimensionz is added as noise from a
uniform distribution in[—0.2,0.2]. Figure 2 illustrates the data points in the original and sfammed

spaces.
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TABLE 1l
PERFORMANCE EVALUATION ON SOME REAL-WORLD DATASETS. THE VALUES IN THE 4TH TO 8TH COLUMNS ARE THE BEST
PERFORMANCES(THE SMALLEST ERROR RATE IN PERCENTAGE ACHIEVED BY MRF, RANDOM FOREST, MRMR, RFEAND
LO RESPECTIVELY BY USING DIFFERENT NUMBERS OF FEATURES FROMUP TO Max# (GIVEN IN THE 2ND COLUMN).
FOR EACH DATASET THE PERFORMANCE OIRANDOM FOREST IS AVERAGED OVERLO RANDOM RUNS (THE OTHER FOUR
METHODS ARE DETERMINISTIQ. FOR EACH CLASSIFIER THE BOLD RESULTS ARE THE BEST AMONG THESE FIVE METHODS

FOR EACH DATASET, THE UNDERLINED RESULTS ARE THE BEST OVER ALL CLASSIFIERS ANBLL FIVE METHODS.

Dataset Max # selected features  Classifier MRF Random Forest mRMR E RF LO

SVM 0.00 0.00 0.00 2.2% 2.2%

Wine 10 K-SVM 2.22% 0.00 0.00 2.22% 2.2%
NB 0.00 2.2% 0.00 2.2% 0.00

C4.5 4.44% 5.11% 6.67% 6.67 % 8.8%%

SVM 2.4% 2.22% 2.64% 6.61% 7.4%

Optical Pen 40 K-SVM  0.22% 0.5 0.66% 1.76% 2.64%

NB 6.83% 7.2%% 7.21% 14.3%% 12.78%

C4.5 11.67% 15.04% 13.664 16.52%  18.94%

SVM 0.00 7.8% 0.00 5.26% 5.26%

Leukemia-S3 60 K-SVM 0.00 6.3% 5.26% 5.26% 5.26%
NB 0.00 6.3% 5.26% 0.00 0.00

C4.5 5.26% 11.58% 5.26% 5.26 % 5.26%

SVM  36.84% 43.69% 36.84%  47.3%%  42.11%

NCI9 60 K-SVM  36.84% 48.95% 36.84%  47.3%  36.84%

NB 47.3%% 56.84% 42.11% 57.8%% 47.3%%

C4.5 52.63% 64.74% 52.63% 73.68%  63.16%

SVM 0.00 32.00% 61.7%% 2.94% 8.8%

Prostate Cancer 60 K-SVM  26.47% 37.3% 735  2647%  26.47%

NB 26.47% 54.12%% 26.47% 26.47% 26.47%

C4.5 23.53% 38.53% 2647 26.471% 26.4™%

SVM 0.67% 1.3%% 1.3%% 2.68% 3.36%

Lung Cancer 60 K-SVM  6.04% 4.63% 13.42% 8.05% 10.0™%

NB 2.01% 2.8% 12.75% 8.05% 8.05%

C4.5 9.40% 6.64% 24.83% 9.40% 9.40%
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TABLE Il
COMPUTATIONAL EFFICIENCY EVALUATION (IN SECONDS ON SEVERAL REAL-WORLD DATASETS. THE TIME COST OF
RANDOM FOREST IS AVERAGED OVERLO RUNS. IT SHOULD BE NOTED THAT MRMR IS NOT SCALABLE AND ITS TIME COST

INCREASES QUICKLY WITH RESPECT TO THE NUMBER OF SELECTED FENRES.

Dataset Selected features MRF Random Forest mRMR RFE LO
Leukemia-S3 60 0.09 2.84 5.22 0.57 0.34
NCI9 60 0.08 3.45 5.50 0.84 0.27
Prostate Cancer 60 0.45 10.25 29462 162 0.48
Lung Cancer 60 0.09 2.26 170.21 1.31 0.20

We perform tests using MRF (d=1) and MRF (d=2) methods on dhitaiset. For each class, three
quarters of the data are uniformly sampled for training drerest are used for testing. Since the third
dimensionz is independent of the class label, the meaningful featunethis trivial problem are the
first two variables. The coefficient distribution is illustrats Figure 3 (a), from which we can readily
determine the importance order (y,x,z) for this datasetuféi@® (b) and (c) show classification error rates
of MRF (d=1) and mRMR in the original space respectively.\\ékactly the same settings, MRF (d=1)
correctly selects (y), (y,x), (y.x,z) while mRMR selectsy,(f,z), (y,z,x). It shows that mMRMR cannot
work in the original space for this linearly non-separahiebgem.

We further perform tests using MRF (d=2) in the original spa&nd the results are shown in Figure
4. This method correctly selects features in the order of (fyX), and (y,Xx,z).

For other types of kernels, directly solving Eq. (16) might be computationally efficient or even
feasible whemp is large. In this case, a potentially useful approach mightdouse Tailor or other types
of expansions to approximate or bound the objective funatidh linear or quadratic polynomial kernels,
and we leave this as a line of future research due to the spaite |

2) 52-dimensional linearly non-separable probleffo further verify the performance of our proposed
MRF method in higher-dimensional situations, we perfornpezinents on a set o$2-dimensional
synthetic data, Synthetic-2, originally used by Westoal.[43]. This linearly non-separable classification
problem consists of 000 examples assigned to two classgs: 1 andy = —1; each example; admits

52 featurese; = (x,, xi,, ..., iy, ). The data are generated in the following way:

Step 1. The probability of = 1 or —1 is equal.
Step 2. Ify = —1 then(x;,,z;,)" are drawn fromN (ug, >) or N(us, ) with equal probabilities,
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RANDOM SPLITS PERFORMANCE EVALUATION ON REAEWORLD DATASETS (PROSTATE CANCER AND LUNG CANCER ARE

NOT INCLUDED HERE AS THEY HAVE INDEPENDENT TESTING DATASETE THE 3RD TO 7TH COLUMNS ARE THE BEST

PERFORMANCES(THE ENTRY a(b)%: a% = THE AVERAGE OF THE SMALLEST ERROR RATESAND b% = VARIANCE (BOTH

IN PERCENTAGE) ACHIEVED BY USING DIFFERENT NUMBERS OF FEATURES FROM UPTO Max#. EACH CLASS OF EACH

DATASET IS RANDOMLY DIVIDED INTO # Folds, WITH ONE FOLD FOR TESTING AND THE REST FOR TRAININGFOR EACH

CLASSIFIER, THE BOLD VALUES ARE THE BEST RESULTS AMONG THESE FIVE METHODS-OR EACH DATASET, THE

UNDERLINED VALUES ARE THE BEST RESULTS OVER ALL CLASSIFIER®ND FIVE METHODS. FOR LARGE DATASETS WE

TERMINATED MRMR AFTER RUNNING OVER THREE HOURSTHE MRMR IS NOT SCALABLE AS SHOWN INTABLE IlI.

dataset/Max #/#Folds  Classifier MRF Random Forest mRMR RFE LO
SVM 4.67(0.19)% 5.33(0.35% 5.33(0.3% 24.10(1.20% 24.00(0.90%

Iris/2/10 K-SVM 1.33(0.16)% 2.67(0.21% 2.67(0.21% 21.33(1.30% 21.33(1.00%
NB 1.33(0.10)% 1.33(0.37)% 1.33(0.37)%  23.33(0.84)%  23.33(0.82%
C4.5 2.00(0.10)% 2.67(0.16Y% 3.33(0.16Jc  28.67(0.95)%  28.67(0.96%
SVM 1.84(0.23% 1.32(0.22)% 2.11(0.20% 1.58(0.27% 1.84(0.20%5

Wine/10/10 K-SVM  0.79(0.39)% 0.79(0.42)% 1.58(0.37% 1.32(0.35% 1.58(0.39%
NB 5.53(0.20%  211(0.23)%  5.53(0.21%  2.37(0.22)%  2.11(0.21)%
C4.5 7.37003)%  7.37 (022)%  8.68(0.29%  7.89(0.25)%  8.42(0.18Y;
SVM 3.94(0.04)% 4.19(0.03% 4.12(0.03% 8.13(0.04% 7.82(0.03%

Optical Pen/40/4 K-SVM  0.89(0.04)%  1.34(0.04%  1.30(0.04%  3.35(0.04¥%,  3.72(0.04¥
NB 9.27(0.02% 9.10(0.02% 9.05(0.02)%  16.15(0.02)%  13.99(0.03%
C4.5 14.01(0.03y  13.77(0.04)%  13.88(0.03%s 18.00(0.02)%  19.05(0.03%
SVM 2.11(017)%  6.32(0.55% - 211(0.21)%  2.37(0.19%

Leukemia-S3/60/4  K-SVM  2.37(0.44)%  5.00(0.88Y - 2.37(0.55)%  2.37(0.50)%
NB 2.89(0.18% 5.00(0.59% - 8.16(0.26)% 2.37(0.20)%
C4.5 4.74(0.2%  11.32(0.56% - 2.37(0.21)% 6.05(0.17)%
SVM 48.68(0.85)%  53.62(0.89% - 66.31(0.87% 65(0.76%

NCI19/60/4 K-SVM  55.00(0.87)%  60.26(0.88% - 69.47(0.64%  68.16(0.85%
NB 66.58(1.04%  64.47(0.78)% - 69.47(0.57)%  70.00(0.60%
C45  70.26(1.04%  69.74(1.01)% - 77.63(0.85%  74.74(0.95)%

TABLE V

STATISTICAL SIGNIFICANCE TEST USING THEWILCOXON SIGNED RANK TEST[57] OVER MULTIPLE DATASETS. THE RANK

TEST IS PERFORMED BETWEENMRF AND EACH OF THE OTHER FOUR METHODS BASED ON'ABLES Il AND V.

Pair of methods

(MRF, Random Forest)

(MRF, mRMR)

(MRF, RFE)

(MRF, LO)

p-values of Wilcoxon test]

0.0043

0.0062

<0.0001E-4 <0.0001E-4
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Fig. 3. The MRF (d=1) coefficient distribution and the comparison betwd&F (d=1) and MRMR on Synthetic-1 dataset.
(a) is the distribution of the coefficients using MRF (d=1) methody(= —0.5), and the coefficient values @f indicate the
importance of thejth feature. (b) is the classification error rate by using MRF (d=1). (c) ésclassification error by using

mRMR. A two-class linear SVM classifier is used in this experiment.
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Fig. 4. The performance of MRF (d=2) on Synthetic-1 dataset. (a)rélaionship between the number of selected features
and parametef with v = —0.5. (b) the classification error rate with respect to the number of selectedrés. A two-class

SVM with a polynomial kernel of order 2 is used as a classifier in this énymest.

pr = (=2,-3)T, uo = (3,3)T, andd_ = I; if y = 1 then(z;,, 2;,)" are drawn fromV (u3, %)
or N(u4,¥) with equal probabilitiesyz = (3, —3)7, andpuy = (—3,3)7.

Step 3. The rest features;, are noise randomly generated from(0,20),;j € {3,...,52},i €
{1,---,1000}.
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Fig. 5. The distribution of the coefficient for Synthetic-2 dataset by using MRF with= —0.5. The first two features

admit much higher coefficients than the other 52 noise features.
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Fig. 6. MRF (d=1) classification error rates w.r.t the number of salefetatures for Synthetic-2 dataset. SVM with a polynomial
kernel of order 2 is used. When noise features are included, theficiassn error rates go higher. When only two informative

features are selected,( andx;,), we have the lowest classification error rate.

For each class, we uniformly sample three quarters of the dsttraining examples and the rest as
test examples. The distribution of the coefficieftss shown in Figure 5. From this distribution, we can
clearly determine the (most) important featusgsandz;,; and the other features are distinct from these
two. The classification error rates with respect to (w.r.tg tlumber of features are illustrated in Figure
6. It becomes evident that more features may not always endimwer classification errors. Actually,
more incorrectly selected features may result in largessifization errors. In Figure 7, we also report

the results by using MRF (d=2) which works well on this datase
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Fig. 7. Performance evaluation of using MRF (d=2) on Synthetic-2 datés) is the selected number of features w.r.t. the
value of 8 with v = —0.5. (b) is the classification error rate w.r.t the number of the selectedrésat8VM with a polynomial
kernel of order 2 is used. When only two features are seleatgddnd z;,), we have the lowest classification error rate in

figure (b).

F. Experiments on Real-world Datasets with Small or MediuntifeaSize

1) Iris: As one of the classical examples, Fisher’s Iris dataset [5] dalifferent classes: Setosa,
Versicolor, and Virginica. Each observation consists ofdeoed features: “Sepal Length”, “Sepal Width”,
“Petal Length” and “Petal Width”. Nine tenths of the observasidn each class are used as training
examples and the rest as test examples. The distributioneffic@entsd; is illustrated in Fig. 8. As seen
from this figure, the third feature, “Petal Length”, has the kgthMRF coefficient value. While there is
no big difference among the rest three features, we carobtidin an importance order: “Petal Width”
“Sepal Length”> “Sepal Width” (varyingy values in the feasible ranges can highlight the difference)
These results are in accordance with previous conclusiorissodataset in the literature.

We compare several feature selection methods on this datadehe results are illustrated in Fig. 9.
In the same settings and using C4.5 as a classifier, both mRMRoanMRF methods can correctly
determine the importance of the features, while LO and RFEofaithis dataset.

2) Optical Pen:To test its performance on multi-class datasets, we peréxperiments on the Optical
Pen dataset from the UCI repository [58]. This middle-sizetdskzt (4 features) haso different classes,
one class for one digit [59]. We uniformly sample three gerarof observations of each class as training
examples and the rest as test examples. Figure 10 shows ffiigiene distribution for MRF method.
From Figure 11 we can see MRF achieves the lowest classification ete when 39 features are

selected. We also perform experiments on this dataset aiffiegent classifiers, with the comprehensive
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Fig. 8. The distribution of the coefficients; for Iris data by using MRF withy = —0.5. From this figure, we can readily
determine the importance of features: The third feature, “Petal Wid#s,the highest coefficient and thus is of the greatest

importance.
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Fig. 9. Comparison of mMRMR, RFE, L0, and MRF on Iris data. LO and RF&lap in this figure, and so do mRMR and
MRF. Both LO and RFE fail in this example, whereas mMRMR and MRF predhe correct feature subsets. C4.5 is used as the

classifier in this example.

comparison results provided in Tables Il and IV.

G. Experiments on Real-world High-dimensional datasets

1) Leukemia:Leukemia-S3, originally by Golubet al.[60], has 7070 features. We run MRF and the
other four methods to select a maximum of 120 features, aacchissification results using a linear
SVM classifier are illustrated in Figure 12. It is clear that apmofeature selection method is vital for

this dataset as only a handful of features are meaningfutlfms discrimination. Moreover, with more

"Dataset can be downloaded from http://penglab.janelia.org/proj/mRMR/



28

50

40 b
35 T
30 T
25 b
20 T

15t E

Coefficient for each feature

10 T

0 10 20 30 40 50 60
The index of the features

Fig. 10. Coefficient distribution of; for Optical Pen dataset by using MRF with= —0.5.
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Fig. 11. Comparison of mMRMR, Random Forest (100 trees), MRF, &<ELO on Optical Pen dataset. SVM with RBF kernel
is used as the classifier. MRF achieves the lowest classification errovhate about 39 features are selected.

noise features included, the classification error rates gbehifor all feature selection methods. The
comprehensive comparison results are listed in Tabledl llamd V.

2) NCI9: NCI9 8 [61] [62] has 60 observations, 9703 features, and 9 typeswotears. The training
set is generated by uniformly sampling three quarters ofotteervations for each class, and the rest is
served as a test set. This dataset is challenging and thetlolassification error rate (by selecting up to
60 features) is 36.84 by using MRF and mRMR with a linear SVM classifier. For these fiifeecent
methods and a linear SVM, the classification error rates arenshio Figures 13. The comprehensive

comparison results are shown in Tables II, 1l and IV.

8Dataset can be downloaded from http://penglab.janelia.org/proj/mRMR/



29

—=— MRF
0451 Random Forest/[|
oal —A— mRMR I
RFE N8
0351 —v—LO H

Classification error rate

L L
80 100 120

o 20 40 60
The number of features selected

Fig. 12. Comparison of mMRMR, Random Forest (100 trees), RFEndOMRF on Leukemia-S3 data. A linear SVM classifier
is used. MRF outperforms the other four methods. Including more rie&ares will lead to larger classification error rates for

all five feature selection methods.
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Fig. 13. Comparison of mMRMR, Random Forest (100 trees), RFE,MdMRF on NCI9 data. A linear SVM classifier is
used. Both MRF and mRMR methods achieve the lowest error rate, bt M&uires only 12 features while mRMR requires

more than 34 features.

3) Prostate Cancer:Prostate Cancer dataset [63] [64] has 12600 features. Wenasgata from [63]
as a training dataset and those from [64] as an independsirnigalataset. The coefficient distribution of
¢; is shown in Figure 14. From this figure, we can see that there dyeaohandful of distinct features
(around 20). We perform classification tests on the first 60 reiggtificant features. The resulting error
rates are shown in Figure 15. MRF outperforms the other fouhous. The comprehensive comparison

results are provided in Tables Il and Il
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Fig. 14. Coefficient distribution of; for Prostate Cancer datg & —0.5). There are only a handful of (around 20) distinct

features.
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Fig. 15. Comparison of mMRMR, Random Forest (100 trees), RFE,NdONMRF on Prostate Cancer data. The first 60 most

important features are selected for each method. A linear SVM classified. MRF outperforms all other four methods.

4) Lung Cancer:The coefficient distribution of; Lung Cancer dataseé{more than 12000 features)
is shown in Figure 16. The classification error rates are showhignre 17. MRF achieves the best
performance on this dataset. The comprehensive comparisoitts using different classifiers are given

in Tables Il and III.

Sdownloaded from http://www.chestsurg.org
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Fig. 16. Coefficient distribution of; for Lung Cancer datay(= —0.5). There are only a small fraction of highly discriminative

features.
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Fig. 17. Comparison of mMRMR, Random Forest (100 trees), RFE,ah@, MRF on Lung Cancer data. The first 60 most

important features are selected for each method. A linear SVM classifimed. MRF outperforms the other four methods.

VI. CONCLUSIONS

In this paper, we study selecting the maximally separatideeiof features for supervised classifications
from among all subsets of variables. A class of new featuteck®s is formulated in the spirit of
Fisher’s class separation criterion of maximizing betwelass separability and minimizing within-class
variations. The formulation addresses particularly thiteglenges encountered in pattern recognition and
classifications: A small sample size with a large number ofufes, linearly non-separable classes, and
noisy features. By choosing specific kernel functions we tansthe Fisher-Markov selectors that boil

down the general subset selection problem (simultanedast®m) to seeking optimal configurations on
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the Markov random fields (MRF). For the consequent MRF problien Fisher-Markov selectors admit

efficient algorithms to attain the global optimum of the clasparability criterion without fitting the noise

components. The resulting multivariate feature selectarscapable of selecting features simultaneously
and have efficient computational complexity; for example, tRS is linear in the number of features and
quadratic in the number of observations. The Fisher-Marktactz's can be applied to general data with
arbitrary dimensions and multiple classes, and the seldeture subset is useful for general classifiers.
We have conducted extensive experiments on synthetic datgek as standard real-world datasets, and

the experimental results have confirmed the effectivenesseoFisher-Markov selectors.
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